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Abstract applications, such as maintenance, repairing or recycling.
For example, in order to upgrade the graphics card of a

This paper presents an efficient technique for deter- personal computer, it is not necessary to dismantle the

mining a low-cost disassembly sequence suitable to Whole equipment up to the last screw, but only to remove

extract a subset of s components from an assembly con-those parts that hinder the access to the card (luckily some

taining n components, e of which are exterier«(n ). sc_rl_ehyvs and th? computer tcr?ver)'bl i |
The most efficient solution to this so-called geometric is paper focuses on the problemgabmetric selec-

lective di bl bl is th i tive disassembly planning/hich consists of determining a
selective disassembly problem 1S the wave propagalion g m sequence of components that must be extracted

algorithm, which is reported to have a computational jn order to disassemble selected components from an
complexity ofO(srf) . Instead, the complexity of the pro- assembly that contaimscomponents [5]. We assume that

posed algorithm isO(erlog) whes«n , an@(sn) e of then components are exterior and can be directly

when sOn . Experimental results with synthetic 3D extracted. In complex assemblies, the number of exterior

assemblies are presented. components is typically a small fraction of the total num-
ber of componentse(« n ).

1 Introduction The problem of finding optimal or even near-optimal

Disassembly is becoming an important issue in indus- disassem.bly sequences is known to have an e>.<ponential
trial and mechanical engineering due to the increasing COmMputational complexity [1][2][7]. This complexity can
interest of manufacturers in being environmentally con- Pe reduced to a more practical polynomial time through
scious [1]. The need for disassembly is appearing in more heuristic algorithms that do not guarantee optimal solu-
and more industrial activities, including maintenance, tions, but feasible, low-cost solutions that, in practice, can
repairing, remanufacturing, recycling and disposal. The be useful enough and which, in many cases, may approxi-
general problem of disassembly can be tackled from dif- mate or even coincide with the optimal solutions. To our
ferent perspectives, including the definition of mechanical knowledge, the best polynomial solution for the selective
design strategies that simplify the disassembly of complex gisassembly problem is theave propagation algorithm
products, or the automatic determination of disassembly [5], which generates low-cost solutions (referred to in [5]

sequences. This paper focuses on the latter SprrOblemasbest known optimal solutioji O(sr12) time. The cost

which is known in the literature aésassembly planning ; . .
X ; . considered in [5] is the number of components removed
At first glance, disassembly planning appears to be
from the assembly.

highly related to assembly planning, the latter having been , ,
extensively studied over the last decades. However, both NS paper presents an algorithm that allows the deter-
problems have operational and physical differences that mination of I_ow-cost selective dlsassembly sequences in
make it convenient to study them separately. Hence, it is ©(€Mogn time whens«n, and O(sn) time when

not surprising the amount of work that has already been s n. The cost of the sequences is the number of removed

done in the area of disassembly planning [1][2][3][4]. components. The algorithm is described in section 2. Sec-

Within disassembly planning, it is possible to distin- tion 3 shows experimental results with simple 3D
guish between complete disassemblyand selective assemblies. Conclusions are finally given in section 4.
disassembly{5]. Complete disassembly involves disas- . . .
sembling all the components of a complex object, and it 2 Selective Disassembly Planning
has been mainly studied as a solution to assembly plan- This section presents an algorithm for determining a
ning, since the reverse of a disassembly sequence is, inlow-cost sequence of components suitable for extrasting
fact, an assembly sequence. Alternatively, selective disas-selected components from an assembly cbmponents,
sembly is usually more appropriate for de-manufacturing from whiche components are directly accessible from the

0-7803-6348-5/00/$10.00 ©2000 IEEE.



Figure 1. (left) Simple assembly with 9 components.
(right) Corresponding precedence graph.

exterior. The cost of a sequence is considered to be the
number of components contained in it.

Before being able to apply any disassembly planner, it is
necessary to model the structure of the given assembly. A
precedence graph [6] is a suitable representation of the
relationships among the components of an assembly. Such
a graph can be obtained through a procedure similar to the
one utilized for constructing Non Directional Blocking
Graphs [8], which runs in O(c ) time, with ¢ being the
number of contacts between adjacent assembly compo-
nents. This graph is created once for every new assembly.

Each node in a precedence graph represents a single
component of the assembly. A directed edge from a certain
node C, to another node C, indicates that if C, has already
been extracted, C, can also be removed from the assembly.
Several directed edges |eaving from the same node express
an OR relationship, indicating alternative components that
must be extracted before being able to disassemble the
component associated with that node. For example, if C;
has directed edges with C, and C3, C; can be removed
after either C, or C3 have been extracted.

Alternatively, several directed edges linked by an arc
express an AND relationship, indicating that all the desti-
nation components must be extracted prior to being able to
disassemble the source component. For example, if C; has
linked directed edges to C, and Cs, C; can be removed
after both C, and C3 have been extracted. Outgoing arcs
from exterior nodes would not be necessary from the
semantic point of view, but they are required by the first
step of the proposed algorithm, as described in section 2.1.

Fig. 1 shows a simple assembly and its precedence
graph. This assembly contains 9 components, 3 of which
are exterior (Cq, Cgand Cg). Asan example, Cs hasan OR
relationship with C, and an AND relationship with both
Cg and C;. This means that Cg can be disassembled right
after extracting either C4 or both Cg and C;.

The precedence graph in Fig. 1 would be simplified if,
for example, component C; was not exterior—that would
occur, for instance, if C; was the only contact point
between the assembly and its supporting workbench. In

that case, all the edges that point downwards in Fig. 1
would disappear.

The proposed disassembly algorithm consists of four
stages. The first stage computes the shortest path between
each exterior node of the precedence graph and the rest of
nodes of the graph. After this stage, each edge in the graph
islabeled with the distance to its closest exterior node. The
computational complexity of the first stageis O(enlogn).

The second stage determines, for each selected compo-
nent, shortest paths to its closest exterior components,
taking into account the edge labels computed in the first
stage. Each shortest path induces a partia disassembly
sequence suitable for disassembling that selected compo-
nent. For each selected component, as many partia
disassembly sequences are generated as edges depart from
the node associated with that component. As an exception,
every group of linked edges (AND relationship) generates
a single partial sequence. Assuming that any node of the
graph islinked to a small bounded number of other nodes,
the computational complexity of this stage is O(sn), and
it generates O(s) partial disassembly sequences.

The third stage tries to merge the partial disassembly
sequences obtained above in O(s ) time. Findly, the
fourth stage sorts the merged sequences in descending
order of selected components. Sequences with the same
number of selected components are sorted in ascending
order of components. Then, the algorithm extracts succes-
sive sequences from the head of the sorted list until al the
selected components have appeared in the extracted
sequences. This stage can berunin O(slogs) time.

In the end, the computational complexity of the whole
agorithm is  max(O(enlogn), O(sn), O(s )) . By
assuming that s« n and e « n, the complexity of the algo-
rithm becomes O(enlogn), as determined by the first
stage. Taking s to the extreme, sn, the complexity
would be O(sn), which is also lower than the complexity
of the wave propagation algorithm, O(snz). The four
stages of the proposed algorithm are described bel ow.

2.1 Shortest Pathsto Exterior Components

Given a precedence graph with n nodes, e of which are
exterior, this stage computes the shortest paths between
each exterior node and the other nodes of the graph in
O(nlogn) time, by applying Dijkstra’s algorithm imple-
mented with heap-based priority queues.

The particularity of the application of Dijkstra’s algo-
rithm to this problem is that a node C, is considered to be
connected to a node C, when there is a directed edge
between C, and C,. The distance between any pair of con-
nected nodes is considered to be unitary.

As an outcome of applying Dijkstra’'s algorithm, each
edge of the precedence graph islabeled with its distance to
the starting node, taking the aforementioned particularity
into account. For example, Fig. 2 shows the application of
Dijkstra's algorithm to the precedence graph shown in Fig.
1, considering exterior nodes C;, Cg and Cq respectively.



Figure 2. Precedence graph with its edges labeled according to
the shortest distance to each exterior node (C;, Cg and Cy).

Figure 3. Precedence graph after computing the shortest paths to
all the exterior nodes.

Since Dijkstra's algorithm is applied e times, any edge
may be labeled with e different distances. Instead of stor-
ing al those values though, each edge is labeled with the
smallest distance to its closest exterior node, asit is shown
in Fig. 3. Therefore, the total computational complexity of
thisfirst stageis O(enlogn).

2.2 Partial Sequence Extraction

Given a precedence graph with each of its edges labeled
with the shortest distance to its closest exterior node, the
goal of this stage is the generation of partial disassembly
sequences for each of the s selected components to be dis-
assembled. A partial disassembly sequence is a sequence
of components whose removal allows the extraction of, at
least, one selected component from the assembly. Each
selected component induces as many partial sequences as
edges depart from its corresponding node in the graph. As
an exception, if several outgoing edges belong to the same
AND relationship (they are linked), they all contribute to a
single partial sequence.

A vector of n bitsis maintained in order to keep track of
the nodes that have aready been visited during the pro-
cess. The partial sequence extraction process starts with
the node corresponding to the selected component, and
finds out the shortest path to its closest exterior node,
using the distances computed after the e successive appli-
cations of Dijkstra’s algorithm.

In order to find out this shortest path, the graph is tra-
versed starting with the selected node. For every node
visited during this traversal, its outgoing edge with the
smallest label (distance) and whose destination node has
not yet been visited is chosen as the next edge to be fol-
lowed. When the chosen edge belongs to an AND
relationship, al the other edges from that relationship are
explored in asimilar way.

The exception to the previous traversal rule is that an
edge is ignored when it belongs to an AND relationship
and any of the other edgesin that relationship islinked to a
node already visited during the current traversal. Without
this exception, loopsin the partial sequence would be gen-
erated. For example, after visiting nodes Cg and Cg in Fig.
3, node C; cannot be visited, since the edge between Cg
and C; belongs to the same AND relationship as the edge
between Cs and Cg, with Cg having already been visited.

Notice that the aforementioned process can be consid-
ered to generate a minimum spanning tree rooted at the
selected node. The traversal process ends up and, hence,
the partial sequence completes when all the branches in
that spanning tree contain either exterior nodes or aready
visited nodes. When the partial sequence is completed, a
new sequence will be generated if the selected node still
has unexplored outgoing edges.

In order to illustrate the partial sequence extraction pro-
cess, let us consider that components C3 and Cg from the
assembly shown in Fig. 1 have been selected for disassem-
bly. The corresponding labeled graph is shown in Fig. 3.

The first partial sequence generated for C; would be
{C3, C,, C4} by following the edges with weights 2 and 1
respectively up to the closest exterior node C;. A second
partial sequence can also be generated from C;, asit hasa
second outgoing edge (C3C,) and since C,4 has not been
visited yet. The new sequence starts with { C, Cy, Cs, ...}.
At Cg two linked edges are found with the same label.
Since they belong to an AND relationship, both are
expanded, giving rise to the fina partia sequence
{C3, C4, C5, Cg, Cg, Co, Cg}. This sequence is equivalent
to {Cg, C4, C5, C7, Cg, C6' C8} .

In order to delimit the various sequential branches con-
tained in a partial sequence and the presence of AND
relationships—this information is useful for the final dis-
assembly scheduler, the previous partial disassembly
sequences computed for component C; are represented as
follows: {Cg, Cz, Cl* O} and {C3, C4, C5, 'C7, CG’ Cg, 0,
C;, Cq, 0}. The negative identifier indicates a branch point
in the sequence. This means that the main sequence
{C3, C4, Cs, ...} has two sequential branches whose disas-
sembly can be scheduled in parallél: {..., Cg, Cg, 0} and
{.... C7,Cq, O}. In general, every time an AND relation-
ship is found during the graph traversal process, before
continuing with one of the sequential branches, the nega-
tive identifiers corresponding to the initial nodes of the
other branches are inserted in the sequence representation.

With respect to the second selected component in the
current example, Cg, two more partial sequences would be
generated according to the previous rules: {Cg, Cg, 0} and



{Ce, C5, C4, C3, C2, Cl' 0} . Sa]uence {Ce, C5, -Ce, C7,
Cy, 0} is discarded as it violates the exception to the tra-
versal rule, leading to aloop.

Assuming that in real assemblies any component is con-
nected to a small bounded number of other components,
and considering that, in the worst case, a partial sequence
would contain al the components of the assembly, the
computational complexity of the partial sequence extrac-
tion stageis O(sn) and it generates O(S) sequences.

2.3 Partial Sequence Merging

Given a set of O(s) partia disassembly sequences
obtained above, the objective of this stage is to merge
smaller partial sequences into bigger ones as much as pos-
sible. Two partial sequences will not merge if any of the
selected components that appear in one of them also
appear in the other sequence. When two sequences merge,
the identifiers of the components of the second sequence
are appended to those of the first sequence. If the identifier
of a non-selected component of the second sequence also
appears in the first sequence, this identifier is negated in
the merged sequence, indicating a branch point.

Thefirst step of the merging process consists of sorting
al the sequencesin ascending order of components. Then,
the first sequence in the list is tested for merging with the
other sequences. In case of merging, that first sequence is
removed from the sorted list and the list is resorted. The
process continues by choosing the first sequence from the
sorted list that has not yet been considered. If al the
sequences have aready been considered, the merging pro-
cess concludes. The computational complexity of the
merging processis, therefore, O(s?).

In the example utilized so far, where components Cg
and Cg were selected for disassembly, the four generated
disassembly sequences are sorted by the number of com-
ponents: {Ce, C8' O}, {C3, C2, Cl' 0}, {Ce, C5, C4, C3, C2,
Cy, 0}, {C3, Cy, C5, -C4, Cg, Cg, 0, C7, Cg, O}

At the first iteration of the merging process, sequence
{Cs, Cg, 0} can only merge with {C3, C,, Cq, 0}. This
leads to a new sorted list: {Cg, C,, Cy, 0, Cg, Cg, 0}, {Csg,
Cs, Cy, C3, Cy, Cy, 0}, {C3, Cy, Cs, -C, Cg, Cg, 0, Cy, Co,
0}. The first new sequence cannot merge with neither the
second or third sequences, since the two selected compo-
nents appear in al three sequences. The second sequence
neither can merge with the last one for the same reason.
Therefore, the merging process concludes.

2.4 Merged Sequence Sorting and Extraction

The merged sequences obtained above are sorted in
descending order of selected components in O(slogs)
time. The sequences with the same number of selected
components are sorted in ascending order of components.

The first sequence in the list is then extracted. If this
sequence aready contains al the selected components,
that sequence isthe final solution. If the sequence does not
contain al the selected components, the remaining
sequences in the list are resorted in descending order of
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Figure 4. Final disassembly sequence for selected components
C; and Cg from the assembly of Fig. 1.

pending selected components, and the process is repeated.
Each new sequence extracted from the head of the sorted
list is merged with the previous solution as indicated in
Section 2.3. This iterative process concludes when al the
selected components have been found in the extracted
sequences. This process can also runin O(slogs) time.

In the current exampl e, the three merged sequences con-
tain the two selected components. Thus, they are sorted in
ascending order of components: { C3, C,, Cy, O, Cg, Cg, 0},
{Ce: Cs, C4 C3, Gy, Cy, G}, {C3, Cy, Cs, -C7, G, Cg, 0,
Cy, Cy, 0}. The first merged segquence, {C5, Cy, Cq, 0, Cg,
Cg, 0}, aready contains the two selected components Cg
and Cg. Hence, it is the solution to the problem.

3 Experimental Results

The proposed selective disassembly planning algorithm
has been implemented in C on Linux and tested upon syn-
thetic assemblies made up of Lego pieces. Legos allow the
simple reproduction of many complex assembly topolo-
gies corresponding to more realistic industrial assemblies.
This section presents some basic examples with the pur-
pose of illustrating the behavior of the algorithm. All the
examples were run in afraction of a second on a Pentium.

A simple scheduler has also been implemented to con-
vert the obtained disassembly sequence into an actual list
of components to be sequentially extracted. Firstly, the
scheduler reverts the order of the componentsin the given
disassembly sequence, in order to reflect the rea disas-
sembly order. For instance, in the example utilized so far,
sequence {Cs, Cy, Cq, 0, Cg, Cg, O} is converted to {Cy,
C,, C3, 0, Cg, Cg, O}. Then, the components are listed
sequentially: { Cg, Cg, Cq, C,, Cg}. Thisisthe final disas-
sembly plan, which is shown in Fig. 4. The solution is, in
this case, the optimal solution.

Now let us suppose that the selected component is Cs.
Two partial sequences are obtained {Cs, -C, Cg, Cg, O,
Cy, Cy, O} and {C5, Cy4, C3, C,, Cq, 0} from the prece-
dence graph shown in Fig. 3. These sequences cannot
merge and have the same number of components. There-
fore, one of them is arbitrarily chosen. In that case, the
solution chosen by the program was {Csg, C,4, C3, Cy, Cy,
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Figure5. Final disassembly sequence for selected component Cg
from the assembly of Fig. 1.
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Figure 6. Final disassembly sequence for selected components
Cs and Cg from the assembly of Fig. 1.
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0}, which is transformed by the scheduler into {C,, C,,
C3, C4, C5}, see Flg 5.

A new selected component Cg was then added. In that
case 4 partial sequences are generated: { Cs, -C, Cg, Cg, 0,
C7, Cg, 0}, {Cs, Cs, C3, Cp, Cy, O}, {Cg, Cg, O} and {C,
Cs, Cy4, C3, Cy, Cq, O}. After the merging stage, three
sequences come out: { Cs, -C7, Cg, Cg, 0, C;, Cy, 0}, {Cs,
Cy, C3, Cy, Cq, 0, Cg, Cg, 0} and {Cg, Cs, Cy, Cg, Cy, Cy,
0} . These sequences contain the two selected components.
Therefore, they are only sorted by number of components.
The shortest sequence is {Cs, -C5, Cg, Cg, 0, Cy, Cy, 0}
with 5 components. The other two sequences have 6 and 7
components respectively. The scheduler reverts the disas-
sembly sequence into {Cg, Cg, -C7, Cs, 0, Cg, C7, 0} and,
by taking into account the branch point (negative index),
generates the final plan {Cg, Cg, Cg, C7, Cs}, see Fig. 6,
which is an optimal solution to the problem.

In summary, the arbitrary solution found with a single
constraint, Cs, is modified when a second constraint, Cg, is
added, since, in the latter case, one of the solutions
becomes more advantageous than the others, in being able
to disassemble both selected components with a minimum
number of extractions. This behavior of the proposed algo-

Figure 7. (left) Simple assembly with 19 components.
(right) Corresponding precedence graph.

Figure 8. Fina disassembly sequence for selected component
Cyg from the assembly of Fig. 7.

rithm is equivaent to the behavior of the wave
propagation algorithm [5].

Let us now consider another example containing 19
components, 9 AND relationships and 3 exterior compo-
nents, C;, C, and Cyq (see Fig. 7). If component Cyq is
only selected for disassembly, two partia disassembly
sequences are generated: {Cqq, -Cg, C7, Cs, C3, Cyq, 0, Cg,
Co Cs, -Cy1, Cp, O} and {Cyg, -Cy3, C12, C14, Cig: Cys,
Ci9 0, Cq3, Cy5, Cq7, 0}. Both sequences are equivalent,
since they have 9 components. Thus, the last solution is
arbitrarily chosen by the program. With this solution, the
scheduler produces the final plan: {Cqg, Cig, C1g, Cia
Ci2: C17, Cy5, Cy3, Cyo}, see Fig. 8.
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Figure 9. Final disassembly sequence for selected components
Cg, Cg and C1 from the assembly of Fig. 7.

Let us now consider that besides C,,, components Cg
and Cg are also selected. In that case, 6 partial sequences
are generated {Ce, C4, -Cz, Clv 0, Cz, 0}, {Ce, Cg, 'Cll,
C10 -C13: C12, C14, Ca6, C1g0 Cag, 0, Cpp, Cp3, Cy5, Coz,
0}, {Cq, C7, Cs5, C3, Cy, O}, {Cq, Cyp, C14, Cy6: Cyg, Cro,
0}, {Cy0, -Cg, C7, Cs, C3, Cy, 0, Cg, Cg, Cy, -Cyp, Cp, O}
and { Cyq, -Cy3, C12, C14, Cy6 C1g, C19, 0, Cy3, Cy5, Cy7,
0}. Thefirst partial sequence merges with the third, fourth
and last ones. The five sequences that remain cannot
merge any more and have two selected components. Thus,
they are sorted in ascending order of components.

The first sequence in the sorted list is {Cg, C, Cs, Cas,
Cy, 0, Cg, Cy, -Cy, -C4, 0, Cy, O}. Since it only contains
components Cg and Cy, the next sequence in the sorted list
that contains the third selected component, { C,q, -Cg, C7,
C5, C3, Cl’ 0, C81 C61 C4, ‘Cl, Cz, 0}, is extracted and
merged with the previous one (Section 2.4), giving rise to
thefinal disassembly sequence: { Cy, C7, Cs, C3, Cy, 0, Cg,
Cy4, -Cy, -C4, 0, Cy, 0, Cqg, -Cg, -C5, -Cs5, -C3, -C4, 0, Cg, -
Cg, -C4, -Cy, -Cy, O}, which is converted by the scheduler
to thefinal plan {Cl, C3, Cs, C7, Cg, Cz, C4, C6' C8, ClO}!
see Fig. 9. Again, thisis an optimal solution.

4 Conclusions

An efficient technique for determining low-cost selec-
tive disassembly sequences has been presented, with this

cost being the number of removed components. Starting
with the precedence graph associated with the given
assembly, the algorithm computes the minimum distances
from the exterior components of the assembly to the rest
of components. Then, for each component selected for dis-
assembly, a set of partia disassembly sequences is
obtained by finding minimum spanning trees in the prece-
dence graph. If possible, the partial sequences are merged
and finally sorted by number of components and selected
components. The solution is found by extracting
sequences from the head of this sorted list until all the
given selected components have been considered.

The best polynomial solution to the geometric selective
disassembly problem is, to our knowledge, the wave proj
agation algorithm 5], which has a complexity of O(sn),
where nisthetotal number of componentsin the assembly
and sisthe number of selected components. The proposed
algorithm computes low-cost solutions similar to the ones
obtained with the wave propagation agorithm with a
lower complexity, O(enlogn) when s«n and O(sn)
when s[On, with e being the number of external compo-
nents in the assembly, e« n.

The proposed algorithm is being applied upon larger
and more realistic assemblies in order to assess the quality
of the obtained disassembly sequences. An agorithm for
constructing precedence graphs from complex assemblies
described through VRML filesis also being devel oped.
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